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ABSTRACT 

 
The modification of Stokes’s formula allows the user to compensate the lack of a global coverage of gravity 
data by a combination of terrestrial gravity and a global geopotential model. The minimization of the errors of 
truncation gravity data and potential coefficients could be treated in a least-squares sense as is the basic 
ingredient in the Royal Institute of Technology (KTH) approach as proposed by Sjöberg in 1984. This article 
presents the results from a recent research, whose main purpose is to evaluate the KTH approach numerically 
and to compute a gravimetric geoid model for Iran. The new geoid model (IRG04) was computed based on 
the least-squares modification of Stokes’s formula, the GRACE global geopotential model, a high-resolution 
digital terrain model and the NKG gravity anomaly database. The IRG04 was fitted to 247 GPS/levelling 
points by a 7-parameter transformation, yielding an all-over fit of 43 cm and 3.5 ppm.  Also, we found a 
significant expected difference between the IRG04 and TUG06 models in rough topographic areas (up to ± 4 
m). As the major ground data and global geopotential model were almost same in the two models, we believe 
that there are different reasons that come into play for interpreting the discrepancies between them, as the 
method for eliminating outliers from the gravity database, the interpolated denser gravity observations using 
the high-resolution digital elevation model before Stokes's integration, the potential of the LSM kernel, which 
matches the errors of the terrestrial gravity data, GGM and the truncation error  in an optimum way, and the 
effect of applying more precise correction terms in the KTH approach compared to the remove-compute-
restore method. It is concluded that the least-squares modification method with additive corrections is a very 
promising alternative for geoid computation. 
 
Keywords: Gravity database, least-squares modification of Stokes’s function, regional geoid determination, 
SRTM, GRACE, GPS/levelling, Iran 

1. INTRODUCTION 

During the last 15 years a number of geoid models have been computed by different Working 
Group for Geoid Determination of the Iran, the four latest models Hamesh and Zomorrodian 1992 
(IfAG), Najafi 2004 (KNTUG) and Safari at el., 2005 (TUG05),  have all been derived using 
different techniques. The IfAG geoid model used the remove-compute-restore (r-c-r) method 
utilising the Fast Fourier Transform (FFT) to speed up the calculations; see e.g. Forsberg (1999) and 
Forsberg et al. (2004).   Also, KTNUG and TUG05 geoid models computed based on the Helmert 
Scheme (Vanicek at el. 1995) and ellipsoidal Bruns formula, respectively.  

Today the overall goal of the NCC Working Group for Geoid Determination is to compute a 
precise geoid model for Iran namely 1-cm (1 sigma) in smooth and moderate topography and a 
decimetre level in rough and mountainous areas. To achieve this, it has been deemed necessary to 
improve the applied theory and to investigate alternative computation techniques.  
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One such technique is the least-squares modification method with additive corrections, which 
has been developed at the Royal Institute of Technology (KTH) in Stockholm; see Sjöberg (1984), 
(1991), (2003b), Ågren (2004a), and Kiamehr (2006b). It includes least-squares modification of 
Stokes’ kernel and separate (additive) corrections for the effects of topography, downward 
continuation, atmosphere and the ellipsoidal shape of the Earth. This method was successfully 
applied in the determination of several regional geoid models in Zambia (Nsombo 1996), Ethiopia 
(Hunegnaw 2001), the Baltic countries (Ellmann 2004), Iran (Kiamehr 2006a) and Iran (Ågren at el. 
2006). 

The main purpose of this research is to present the results from an on-going research in Zanjan 
University. Important aims of the project are to evaluate the least-squares modification method with 
additive corrections numerically and to compute a precise gravimetric geoid model over Iran. The 
project is also meant to contribute to the National Cartographic Centre of Iran (NCC) efforts to 
evaluate different geoid computation methods.  

The paper starts with a brief review of the computational scheme, which is based on the Least-
Squares Modification of Stokes’s (LSMS) formula with additive correction terms (Sjöberg 
2003c).We explain the procedure to create and evaluate the gravity database, Global Geopotential 
Model (GGM) and Digital Elevation Model (DEM), as well as other parameters applied in the 
construction of the new Swedish gravimetric geoid model (IRG04). Finally, we evaluate and 
compare IRG04 with respect to the recent TUG06 model using GPS/levelling data. 

2. GEOID DETERMINATION BASED ON THE LEAST-SQUARES 
MODIFICATION OF THE STOKES’S FORMULA WITH ADDITIVE 
CORRECTIONS  

In the least-squares modification of Stokes’s formula (e.g. Sjöberg 1991), Stokes’s kernel is 
modified in such a way that the expected global mean square error is minimised. This technique can 
be applied with the standard r-c-r estimator (e.g. Ågren 2004a), but according to the KTH practice, 
the so-called combined estimator is preferred (Sjöberg 2003c). This means that Stokes’ formula 
(truncated to a cap) is applied to the uncorrected surface gravity anomaly, g∆ . After that, the geoid 
height N  is computed by adding a number of corrections, i.e. 
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where 0σ  is the spherical cap, R is the mean Earth radius, 0γ  is mean normal gravity, ( )LS ψ  is 
the modified Stokes’s function, ns  are the modification parameters, M is the maximum degree of 
the Global Geopotential Model (GGM), L

nQ  are the Molodensky truncation coefficients and  
GGM
ng∆  is the Laplace harmonic of the gravity anomaly determined by the GGM of  degree n. The 

upper limit L is arbitrary and generally not equal to M. 
The four additive corrections of Eq. (1) are derived in such a way that the same result is ideally 

obtained as when the remove-compute-restore technique is utilised (except for numerical effects). 
They can be computed as:  

 
• The combined topographic effect Topo

combNδ  (Sjöberg and Nahavandchi 2000 and Sjöberg 2006) 
can be computed by: 
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where ρ is the mean topographic mass density and H is the orthometric height and R is the mean 
radius of the Earth. Sjöberg (2006b) proves that Eq. (2) is exact. 
• The downward continuation effect DWCNδ  is (Sjöberg 2003a; Ågren 2004b),  
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where P is the computation point and P Pr R H= + , 0
PN  is an approximate value of the geoidal 

height and Q is the running point in Stokes’s integral.  
• The combined atmospheric effect a

combNδ  can be approximated to order H by (Sjöberg and 
Nahavandchi 2000) 
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where 0ρ  is the atmospheric density at sea level, nH  is the Laplace harmonic of degree n for 
the topographic height and M is the maximum degree of the GGM. 

• The ellipsoidal correction to the modified Stokes’s formula eNδ  to order 2e  is (Sjöberg 2004): 
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where *
n ns s=  if 2 n M≤ ≤  and * 0ns =  otherwise. Furthermore, 
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in which nmT  are spherical harmonic coefficients for the disturbing potential. See Sjöberg (2004) 
for the ellipsoidal coefficients nmE , nmF  and nmG . 

One problem with using the combined geoid estimator in Eq. (1) is that Stokes’s quadrature is 
made on the rough surface gravity anomaly, which results in large discretisation errors. However, 
by taking advantage of the r-c-r philosophy for the gridding of a comparatively dense gravity 
anomaly grid using a smoothing topographic correction, such errors can be counteracted; see 
Sjöberg (2003b) and Ågren (2004a). This makes it possible to take advantage of the high-frequency 
information available in the DEM. A practical drawback here is that dense grids are required in 
rough mountain areas, which can be cumbersome. Some advantages with the combined estimators 
are that the “real” importance of the correction terms is apparent and that it is easier to compute the 
atmospheric and ellipsoidal corrections in this way. One also avoids the global quadrature required 
to compute the direct and indirect topographic effects when the remove-compute-restore estimator 
is used.Choosing a suitable GGM and modification parameters ns  are essential steps in the 
determination of a geoid model using the LSMS formula. We need to estimate the signal and error 
degree variances of the GGM and terrestrial gravity to be able to estimate the least-squares 
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modification coefficients. The signal degree variances for the degrees above the GGM are generated 
using the Tscherning and Rapp (1974) model. Also, the error degree variances for the GGM 
estimated by using standard errors of the GGM coefficients (cf. Rapp and Pavlis 1990). For the 
estimation of the anomaly error degree variances for the terrestrial gravity anomalies ( 2

nσ ), we tried 

an isotropic error degree covariance function ( )C ψ , see (Sjöberg 1986) and an uncorrelated band-

limited white noise model with constant degree-order variances, ( )2
, / 2 1nm g n nσ σ∆ = + (Rummel 

1997 and Jekeli and Rapp 1980). Numerical results of this research show that the second model 
gives the minimum expected mean square error and fitting versus GPS/levelling data. 

 
3. CONSTRUCTIONS AND EVALUATION OF THE DATABASE 
3.1. THE GRAVITY ANOMALY DATABASE   

 The 26125 gravity observations are picked out from different gravity database for the area 
(Kiamehr 2007b) illustrated in Fig. 1. Then multiple observations at the same location are cleaned. 
This step is made by computing the weighted average of all multiple observations at one location. 
No gross error detection has yet been implemented in this step. 

To reduce the discretisation errors, a r-c-r strategy is utilised with a comparatively dense grid 
(1’ x 2’). The following gravity anomaly effects are reduced and restored: 

• The long wavelength effect from a GGM with maximum degree M. See Table 2 for the 
GGMs in question.  

• The high-frequency part of the topographic effect computed by the RTM method with a 
smooth reference surface (corresponding to M). The TC program in GRAVSOFT 
(Tscherning et al. 1992) was applied for this task. 

The gridding of the reduced gravity anomalies is made in two steps: 

• Search for gross errors by cross validation. Each observation is predicted from its 
neighbours using inverse distance interpolation. In case the obtained difference is larger 
than 20 mGal, then the observation is rejected (the limit is suitable for Iran). In sum many, 
500 gravity anomaly data were detected as outliers and removed from the database.   

• The gridding is made using least-squares collocation with individual weights for the 
reduced gravity anomaly observations. GEOGRID (GRAVSOFT) with 25 km correlation 
length.  

• The resolution of the grid is chosen to80 90′′ ′′× . The denser resolution 20’’ x 40’’ has also 
been tested, but the results are practically the same for the low elevated parts of Iran 
covered by GPS/levelling observations. Within the whole target area the free-air 
anomaly varies from -182 to +353 mGal with the mean and standard deviation values 
3.37 and 50.78 mGal, respectively (Fig. 1).  
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Fig. 1. Distribution of the gravity anomaly data (BGI, NCC and Ship-borne data presented in blue, red and green colours, 

respectively)  

3.2. THE GPS/LEVELLING DATA 

In this research GPS/levelling data were used as an external and independent tool for the estimation 
of the accuracy of the different global and local gravimetric geoid (or DEM) models from the 
absolute sense. (For more details, see Kiamehr 2007a) 

The geoid models are evaluated using 260 GPS/ levelling points.  The locations are illustrated on 
the map of Fig. 2. From these points, 35 stations are either 1st degree GPS stations or other 
benchmarks belong to the second and third precise levelling of Iran (Kiamehr 2006a). The 
minimum, maximum, mean and standard deviation (SD) of the heights of GPS/levelling points -
24.54, 2887.46, 1208.82 and 650.33 m, respectively.  
 
3.3. THE DIGITAL ELEVATION MODEL (DEM) 
 
In this section, a brief overview of the current DEM of the region and its accuracy is given. 
The fitting of GPS/levelling data and different DEMs were studied from the absolute of 
sense view. Among them, the Shuttle Radar Topography Mission (SRTM) DEM gives the 
minimum SD of fitting of 6.53 m versus the 260 GPS/levelling data (for details about 
different DEMs and their impact in geoid determination see Kiamehr and Sjöberg (2005b)). 

The Iranian elevation model IRDEM05 is densified to 500m x 500m resolution using the 
SRTM data. In other areas spline interpolation is used to obtain the denser grid (see Fig. 2). This 
DEM is intended to be used in interpolation of free-air anomalies and to compute topographic 
corrections in the new geoid model of Iran.  

Spherical harmonic coefficients for the global topography are needed to compute the 
combined atmospheric correction by Eq. (4). A worldwide 15’ x 15’ DEM is first derived from 
SRTM30 and GTOPO30. Spherical harmonic coefficients are then estimated to the maximum 
degree 720 using numerical integration according to the midpoint rule.  
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Fig. 2. Distribution of the GPS/levelling data in Iran. Red and black points indicate first and second-order 

GPS and levelling networks, respectively.  Five traverses are chosen to studying the effect of topography in 

different areas. Unit: m 

3.4. THE GLOBAL GEOPOTENTIAL MODEL (GGM) 

For the computation of a new gravimetric geoid model for Iran we need to choose the best GGM 
model for the combined solution, i.e. the GGM that gives the best fit for the region (not in Nordic 
scale).  For the validation of different global models in the absolute sense, we have used 260 GPS/ 
levelling data as an external tool (See Kiamehr 2005a). This comparison was utilized with the new 
GRACE satellite-only and combined models GGM02S, GGM02C (Tapley et al. 2005) (for more 
information, see http://op.gfz-potsdam.de/index_GRAM.html) and EGM96 (Lemoine et al. 1998). 
From the result of Kiamehr (2005a) it is clear that the combination of the newly released GRACE 
model (GGM02C) extended up to degree and order 360 with EGM96 geoid model fits the 
GPS/levelling data in Iran best among the GGMs. However, through the least-squares model, the 
GRACE satellite only GGM02S model gives the best results versus GPS/levelling data.   

4. HIGH RESOLUTION GRAVIMETRIC GEOID MODEL (IRG04) 

In section 2 we explained the mathematical procedures for determining the geoid based on the 
LSMS method. The basic data including the gravity database, the GGM and DEM, were evaluated 
and created. These data were evaluated also through the computation of the modification parameters 
in the LSMS approach. We tried different DEMs and GGMs with different degrees and orders, 
different integration cap sizes and also different degree variance models for the gravity data to find 
the best parameters. These comparisons gave us very good information about the properties of 
different sources of data and their interactions and effects on geoid models. As we mentioned in 
Section 3.4, the GRACE model (GGM02S) fits the GPS/levelling data in Iran best among the 
GGMs.  

Because of the presence of different systematic errors in the gravity data and observation of 
data for special engineering purposes from different organisations with different accuracies, we 
found that there are large local correlations among the data.  The presence of local properties of data 

http://op.gfz-potsdam.de/index_GRAM.html)
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calls for choosing an optimum cap size for integration. We tried different cap sizes (1 to 5 degrees), 
and found that results of the computation of the geoid with a 3 degree cap works best versus 
GPS/levelling derived geoid models (See Kiamehr 2006a). Also, we got the best results with our 
pre-estimated accuracy for gravity data through the cross-validation step ( gσ ∆ =10 mGal). All 
additive correction terms were applied to the approximate geoidal height based on the methods 
explained in Chapter 2.  Figures 3 (a-d) show the 2D views of the combined topographic, DWC, 
total topographic, ellipsoidal corrections and combined atmospheric effects on the approximate 
geoidal heights, respectively.  Figure 4 shows a contour map of the IRG04 geoid model. Notice that 
all corrections depend on the modification, cap size and maximum degree for the GGM being used. 
As mentioned before, we can see that the atmospheric and ellipsoidal corrections are small for the 
LSMS. 

 

 
Fig. 4. The isolines of the IRG04 geoid model. Unit: m 

5. EVALUATION OF THE GRAVIMETRIC GEOID MODEL  

Nowadays, the only reliable way to estimate the potential of the gravimetric geoid is the comparison 
of its result with the externally derived geoidal height from GPS/levelling. The cross-validation 
technique used both for detection of outliers in GPS/levelling data and evaluation of the IRG04 
geoid model. Under confidence level of 99%, from 1178 GPS/levelling data, 16 points were 
detected as outliers. The standard deviation of the adjusted values for the residuals are traditionally 
taken as the external measure of the absolute accuracy of the geoid model. However, it is important 
to add here that the final residual values are not the exact errors of the gravimetric or GGM geoid 
models, because they include also some part of errors from GPS and levelling observations. The 
corresponding GPS/levelling residuals are studied more carefully and a comparison is made with 
the all geoid model previously available introduced in Sect. 1. The residuals after a 7-parameter fit, 
of the IRG04 and other models are given in Table. 1a (cf., Fotopoulos 2003, Kotsakis and Sideris 
1999). Also, Table 1b shows the results of statistical analysis between the GPS/levelling data and 
IRG04 geoid model from the relative accuracy view (For more details see, Featherstone 2001). 
Table 2 the fitting of 247 GPS/levelling data after outlier detection. In Table 3 we can see that 
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standard deviation of fitting the IRG04 geoid model versus 35 precise GPS/levelling data can be 
reach up to 29 cm.  

Figure 5 shows the discrepancies between IRG04 and TUG05. The largest differences are 
mostly located in the rough topographic areas, specially on the border of Norway in the north-west 
of Iran.  

Table shows that with the current available GPS/levelling data, we can see a significant 
improvement from the TUG05 model to IRG04. On the other hand, as is clear from Figure 5, there 
is a significant difference between these two models in rough areas (up to ± 4 m). In order to have a 
more thorough investigation, we need some GPS/levelling observations in the mountainous areas to 
the North and West. As the quantity of the ground data and GGM used in TUG05 and IRG04 
models are almost the same, we think there are at least four different reasons that come into play for 
interpretation of discrepancies between the models: 
a)  Our method for eliminating outliers from the gravity database is more thorough than previous 
studies. 
b) The interpolated denser gravity observations using the high-resolution DEM before Stokes's 
integration. This operation improved the RMS of the fit between the geoid model and GPS/levelling 
data. (Kiamehr and Sjöberg 2005b)  
c) From the theoretical point of view, the LSM kernel matches the errors of the terrestrial gravity 
data, the GGM and the truncation errors in an optimum way.  
d) The effect of applying the precise correction terms in KTH approach comparing to other 
techniques (e.g. r-c-r) should be advantageous (Sjöberg 2005).   
 
 

 

Table 1. Statistical analysis fitting the 260 GPS/levelling data and gravimetric geoid models from the absolute 

(a) and relative (b) accuracy view before and after 7-parameter fitting. (The SD value for four and five-

parameter models is given in order to compare results of the fitting between different models). Unit: m 

Table 1(a) 

 

Gravimetric 

Geoid Models 

 

NGPS Lev− - NTUG  

(Ellipsoidal Bruns 
Formula) 

Ardalan et al. 2004 

258 point 
Before                    After 

NGPS Lev− - 07N IRG  

(LSMS Method) 
 
 

               260 points 
Before                          After 

NGPS Lev− - N KNTUG  

(Helmert Scheme) 
Najafi 2004 

             

                22 points 

 Before                          After 

NGPS Lev− - N IfAG  

(R-C-R Method) 
Hamesh et al. 1992 

              

              260 Points 
Before                          After 

Min. -5.14 -4.261 -2.257 -1.678 -11.244 -1.631 -2.46 -1.934 

Max. 3.458 3.496 2.063 2.570 -4.525 1.809 2.792 3.259 

Mean -0.517 0.000 -0.74 0.000 -9.559 0.000 -0.559 0.000 

RMS 1.262 7P: 1.074 
_________ 

5P:  1.089 

4P: 1.123 

0.577 7P: 0.551 
_________ 

5P:  0.568 

4P: 0.571 

1.324 7P: 0.844 
________ 

5P: 0.864 

4P: 0.911 

0.801 7P: 0.763 
________ 

5P:  0.796 

4P: 0.775 
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Table 1 (b) 

 

Traverse 
 

TUG 
 

(Ellipsoidal Bruns 
formula) 

 
SD 

IfAG 
 

(R-C-R method) 
 
 

SD 

IRG04 
 

(LSMS formula) 
 
 

SD 

1 (West) 1.942 1.17 0.48 

2 (North) 1.183 1.20 0.58 

3 (Centre) No DATA 1.33 0.48 

4 (East) 1.93 0.49 0.18 

5 (South) 0.407 2.00 0.14 

Min. -2.686 -3.419 -0.82 

Max. 2.551 2.750 0.79 

Mean 0.009 0.132 0.02 

SD  1.239 1.310 0.40 

ALL Baselines  (ppm) 15.4 16 3.8 
 
 
Table 2. Result of evaluation of the IRG04 geoid model based on the cross-validation approach, before and after seven- parameter fitting. 
Unit: m 

 
 

Table 3. Validation of the IRG04 model versus 35 precise GPS/levelling data. Unit: m. 
 

Model  Min Max Mean SD 

IRG04 gravimetric geoid model -1.284 0.223 -0.652 0.362 

IRG04 after 7-parameter fitting approach -0.518 0.924 0.000 0.288 

 

Fig. 5. Discrepancies between the IRG04 and TUG geoid models. Contour maximum and minimum are +4.5 

m (brightest region) and -4 m (darkest region), respectively, and contour interval is 0.5 m. 

IRG04 Model    (N = 247) Min Max Mean SD 

Before 7-parameter fitting  -1.891 0.489 -0.659 0.446 

After 7-parameter fitting  -1.219 1.223 0.000 0.427 
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6. CONCLUSION AND RECOMMENDATIONS   

The computation of a regional gravimetric geoid model with 1cm accuracy is a difficult task, which 
needs special attention to produce good results. In this research we try to investigate the procedure 
for gathering, evaluating and combining different data for the determination of a new gravimetric 
geoid model for Iran. The least-squares modification of Stokes’s method by the KTH approach was 
used for combining different heterogeneous data in an optimum way.   

The first and most important step for geoid determination is to evaluate and choose the best 
available data in the region. The basic data which we used in this research are gravity anomaly data, 
a DEM, a GGM and GPS/levelling data. Also, we make a detailed investigation of all available 
GGMs for choosing the best fitting model in the study area.  From the results of this investigation 
we estimated that the GRACE model GGM02C extended with EGM96 has the best fitting RMS 
versus GPS/levelling data in Iran. The IRG04 gravimetric geoid model was evaluated in the 
absolute and relative senses, versus GPS/levelling data. The standard deviation of fit of the IRG04 
and 35 precise GPS/levelling data is estimated to 29 cm and 3.8 ppm. Also, we found a significant 
difference up to ± 4 m cm between the IRG04 and TUG05 models in rough areas. As the data used 
in estimating the TUG05 and IRG04 models are almost the same, the expected better result of the 
later model could be the result of several cases. Among these, we particularly want to emphasize the 
optimum nature of combining data in the LSM method, and the more precise techniques for 
computing topographic, atmospheric and other corrections.  It is concluded that the least-squares 
modification of Stokes’s formula with additive corrections can be a promising alternative for geoid 
computations. This method is particularly suitable for the regions lacking dense data from the zone 
outside the computation region.  For any future test it is recommended to use much denser and well 
distributed GPS/levelling points (especially in mountainous areas).  
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